We investigate the dynamical symmetry superalgebras of the one-dimensional matrix superconformal quantum mechanics with inverse-square potential. They act as spectrumgenerating superalgebras for the systems with the addition of the de Alfaro-Fubini-Furlan oscillator term. The undeformed quantum oscillators are expressed by 2 n × 2 n supermatrices; their corresponding spectrum-generating superalgebras are given by the osp(2n|2) series. For n = 1 the addition of a inverse-square potential does not break the osp(2|2) spectrum-generating superalgebra. For n = 2 two cases of inverse-square potential deformations arise. The first one produces Klein deformed quantum oscillators; the corresponding spectrum-generating superalgebras are given by the D(2, 1; α) class, with α determining the inverse-square potential coupling constants. The second n = 2 case corresponds to deformed quantum oscillators of non-Klein type. In this case the osp(4|2) spectrum-generating superalgebra of the undeformed theory is broken to osp(2|2). The choice of the Hilbert spaces corresponding to the admissible range of the inverse-square potential coupling constants and the possible direct sum of lowest weight representations of the spectrum-generating superalgebras is presented.
Introduction and summary
In this paper we present a systematic investigation of the one-dimensional matrix oscillators deformed by diagonal inverse-square potentials. We derive the general conditions for the existence of (one-dimensional, superconformal) spectrum-generating superalgebras. We give the most general solutions (up to similarity transformations and with at least N = 2 supersymmetries) for 2 × 2 and 4 × 4 supermatrices. For these cases we compute the admissible Hilbert spaces and prove that, depending on the range of the inverse-square potential coupling constants, the Hilbert space can be identified with a single lowest weight representation of the spectrumgenerating superalgebra or with a direct sum of its lowest weight representations. In the latter case the selection of the Hilbert space for the given model is not unique. This feature was already noted in [1, 2] for the purely bosonic case of ordinary (i.e., not matrix) inverse-square potential quantum mechanics [3] and de Alfaro-Fubini-Furlan oscillator [4] . In this work, among other results, we extend the [1, 2] analysis to the (super)matrix case.
The one-dimensional 2 n × 2 n undeformed matrix oscillators possess osp(2n|2) spectrum generating superalgebras. For n = 1 the addition of a inverse-square potential does not break the osp(2|2) spectrum-generating superalgebra. For n = 2 two cases of inverse-square potential deformations arise. The first one produces Klein deformed quantum oscillators [5] (see also [6] and references therein for Klein oscillators); the corresponding spectrum-generating superalgebras are given by the D(2, 1; α) class, with α determining the inverse-square potential coupling constants. The second n = 2 case corresponds to deformed quantum oscillators of non-Klein type. In this case the osp(4|2) spectrum-generating superalgebra of the undeformed theory is broken to osp(2|2).
The topic under investigation is receiving considerable attention in the literature. Three frameworks are presently used for investigations. The most popular one consists in the quantization of (superconformal) worldline sigma-models; a second approach consists in analyzing symmetries (following, e.g., [7] ) of partial differential equations which, for the present case, are time-dependent Schrödinger equations of matrix type; the third approach is the one here employed. The main motivations for investigating classical worldline superconformal sigma-models (and their quantization) come from the recognition that they underlie the dynamics of test particles in the proximity of the horizon of certain black holes (see [8] ) and for their role in the AdS 2 /CF T 1 correspondence [9, 10] . The worldline superconformal sigma-models (for a review see [11] and references therein) are obtained by imposing constraints to the supersymmetric sigma-models associated with one-dimensional supermultiplets [12, 13] . They can be derived by using superspace [11] or D-module representations of superconformal algebras [14, 15] . In [16] , extending the construction pointed out in [17] , it was shown that superconformal dynamical symmetries of worldline sigma-models are obtained from either parabolic or trigonometric D-module representations of the superconformal algebra. The first case corresponds to the classical version of the inverse-square potential, while the second case corresponds to the classical addition of the de Alfaro-Fubini-Furlan oscillator term. The quantization of the parabolic superconformal sigma-models has been performed in several papers (see, e.g., [18, 19] for the D(2, 1; α) superconformal models). The quantization of trigonometric superconformal sigma-models has been done in fewer works (in [20, 21] for undeformed oscillators, while the first example of deformed oscillator was produced in [22] ). The quantization of these systems is given in terms of quantum Noether charges which are expressed in the Heisenberg framework. We point out that the above papers lack the full analysis of the selection of the admissible Hilbert spaces as done in [1, 2] and the present work.
The approach based on the symmetry of a matrix partial differential equation was dis-cussed in [23] for a specific model. The deformed oscillator system described in Section 4 is the time-independent version of the time-dependent Schrödinger equation introduced in [23] . The anaysis of this model is made here more explicit in three points, namely the recognition that the osp(1|2) ⊂ osp(2|2) subalgebra is sufficient to determine the spectrum of the theory, the selection of the admissible Hilbert spaces in the three different intervals (β ≤ −
The one-dimensional 2 n × 2 n free matrix Hamiltonian H is given by
(here and in the following I k denotes the k × k identity matrix). For any positive integer n ∈ N, H possesses 2n distinct Hermitian, fermionic (i.e. blockantidiagonal) first-order matrix differential operators Q I as its square roots. The Q I operators close the N -extended superalgebra (96) with
The above relation between N and 2n is based on the constructions reported in [25, 26] for complex-valued Clifford algebras. There are 2n block antidiagonal complex matrices γ I , I = 1, 2, . . . , 2n, satisfying the relations
The extra block-diagonal matrix F ,
satisfies the anticommutation relations
F is called the fermion parity operator. Its eigenvectors with +1 (−1) eigenvalue are the even, also called bosonic (odd, also called fermionic), states. We can set
so that (96) reads as
The conformal counterpart of the Hamiltonian H is the oscillator K which can be assumed to be proportional to the identity matrix. Therefore
The conformal counterparts of the Q I operators are the Hermitian operators Q I , introduced through
The dilatation operator D and the R-symmetry operators Σ IJ = −Σ JI are introduced from the anticommutators
We have
For any positive integer n the set of Hermitian operators D, H, K, Q I , Q I , Σ IJ close the D(n, 1) ∼ osp(2n|2) superalgebra. The 4n generators Q I , Q I are odd. The n(2n − 1) + 3 even generators H, D, K, Σ IJ produce the sl(2) ⊕ so(2n) subalgebra. The superalgebra osp(2n|2) belongs to the class of one-dimensional superconformal algebras discussed in Appendix A (the so(2n) subalgebra is the R-symmetry).
We present, for completeness, the non-vanishing (anti)commutators of osp(2n|2). In order to write them in more compact form we introduce the generators
The Hamiltonian H osc of the (undeformed) matrix oscillator is the sum of H and K:
The superalgebra osp(2n|2) is the spectrum-generating superalgebra for H osc . A linear combination of the odd generators produce 2n pairs of a † I , a I creation/annihilation operators satisfying 2n independent Heisenberg algebras defined by their commutators.
We can set
In terms of anticommutators we have (no summation over the repeated indices is understood)
a † I (a I ) are creation (annihilation) operators due to the commutators
For every I, the Heisenberg algebras are recovered from
The annihilation operators a I allow to define the 2 n degenerate ground states |0 I of H osc as the lowest weight vectors satisfying, for each I,
Half of the degenerate ground states are bosonic and half of them are fermionic. The Hilbert space of the undeformed matrix oscillator is a 2 n -ple of L 2 (R) square integrable functions on the line.
3 The inverse-square potential in matrix quantum Hamiltonians
The addition to the free Hamiltonian H in (1) of a inverse-square potential
is a 2 n × 2 n constant diagonal matrix, is such to preserve the scaling property of H. Indeed, if we set the scaling dimension of the space coordinate to be [x] = −1, then
In this paper we address the question of the constraints to be imposed on the inverse-square potential coupling constants v i 's entering the diagonal matrix V in order to get a one-dimensional superconformal Lie algebra as a dynamical symmetry of the inverse-square deformed Hamiltonian H def , defined as
By construction the associated inverse-square deformed oscillator H osc + 1 x 2 V , with H osc given in (13) , possesses the obtained one-dimensional superconformal Lie algebra as a spectrumgenerating superalgebra.
Obviously the osp(2n|2) dynamical symmetry of the free Hamiltonian is in general no longer a dynamical symmetry of the 1 x 2 V inverse-square deformed Hamiltonian. It is worth noticing, on the other hand, that the dynamical symmetry of the inverse-square deformed Hamiltonian is not necessarily a subalgebra of osp(2n|2), as one could naïvely expect. In some cases (discussed in the following in Sections 5 and 7) it corresponds to a deformation of osp(2n|2).
The deformed supersymmetry operators have to be expressed as
where the M I 's should be block-antidiagonal, constant matrices satisfying the hermiticity condition M † I = M I . The closure of the (96) superalgebra requires the following equations to be satisfied for I = J
At I = J the potential of the inverse-square potential deformed Hamiltonian H def should be given by 1 x 2 V where, for any I, we get
The (8) oscillator operator K remains undeformed; it follows that the dilatation operator D and the fermionic operators Q I are also unchanged. In order to recover the dilatation operator D from the anticommutator {Q def I , Q I }, for any I the condition
has to be fulfilled. The anticommutators {Q def I , Q J } for I = J give the constant operators
Since the first relation in (22) is assumed to be satisfied, then Σ def IJ = −Σ def JI . The closure of a superconformal algebra is obtained provided that the Σ def IJ 's close the Rsymmetry subalgebra and that the fermionic operators Q def I , Q I belong to R-symmetry representation multiplets.
A class of solutions of the (22, 23, 24) constraints is obtained by setting
where β is an arbitrary real number and F is the fermion parity operator introduced in (4). The (26) solution fails, however, to produce a superconformal algebra for n ≥ 3. The Σ def IJ operators from (25) , under (26) deformation, read
It is immediate to check that, for n = 1, the introduction of the (26) deformation does not spoil the osp(2|2) dynamical symmetry of the free system. For n = 2 the closure of a superconformal algebra as a dynamical symmetry is guaranteed by the fact that F is expressed by the product F = γ 1 γ 2 γ 3 γ 4 . This relation implies that the commutators [Σ The models based on the (26) deformation for n = 1 and n = 2 are explicity discussed in Section 4 and, respectively, Section 5.
The (26) deformation implies that the deformed creation and annihilation operators satisfy a Klein-deformed Heisenberg algebra. We recall (see [6] ) that the Klein-deformed Heisenberg algebra is realized by a pair of Hermitian conjugated operators a Kl , a † Kl satisfying the relations
for some given real number ν. The operator K, which is a square root of the Identity, is known as "Klein operator". In term of the (26) deformation we can set
It follows
For any I the deformed creation/annihilation operators (29) define a (28) Klein-deformed Heisenberg algebra with ν = −2β and fermion parity operator F as Klein operator. Furthermore, we get the deformed oscillator Hamiltonian H Kl osc from the anticommutators
The Klein-deformed oscillators are creation/annihilation operators since
We close this Section by pointing out that the constraints (22, 23, 24) admit more general solutions, different from the ones given by (26) . These solutions can also induce superconformal algebras as dynamical symmetries. One of such examples, leading to deformed creation/annihilation oscillators which do not satisfy the Klein condition, is presented in Section 6.
4
The n = 1 case with Klein deformed oscillators and osp(2|2) spectrum-generating superalgebra
In this Section we present the n = 1 Klein deformed oscillator. We show that its spectrumgenerating superalgebra is osp(2|2), like the undeformed case. The construction of the admissible Hilbert spaces is given at the end. For n = 1 the formulas of the operators given in Section 3 are specialized in terms of the three Pauli matrices σ i , i = 1, 2, 3, given by
For any real value of the parameter β the four even operators H, D, K, J and the four odd operators Q 1 , Q 2 , Q 1 , Q 2 close the osp(2|2) superalgebra. Their respective expressions are
where I = 1, 2. Their non-vanishing (anti)commutators are given in Appendix A, formula (98). One should note that the closure of the osp(2|2) superalgebra is not affected by the presence of the non-vanishing real parameter β. The reality condition on β is imposed to guarantee the hermiticity property of the (34) operators.
The Klein-deformed oscillators are introduced through the positions
Therefore we obtain, for I = 1, 2,
At a given I = 1, 2, the commutator is
while the Hamiltonian H osc of the deformed oscillator is
The condition
defines a lowest weight vector. For any real β there are two such lowest weight vectors, one bosonic (|λ Bos , such that σ 3 |λ Bos = |λ Bos ) and one fermionic (|λ F er , such that σ 3 |λ F er = −|λ F er ).
We have that
The annihilation operator a 2 defines, up to a phase, the same lowest weight vectors as a 1 . This property remains true for the excited states:
by a phase. It turns out that, as a spectrum-generating superalgebra of the H osc (38) Hamiltonian, osp(2|2) is redundant. The spectrum of the theory can be recovered from each one of the two copies of the osp(1|2) ⊂ osp(2|2) subalgebras, either the one given by the generators H, D, K, Q 1 , Q 1 , or the one given by the generators H, D, K, Q 2 , Q 2 .
This important point deserves to be duly emphasized. We therefore present the Remark: the spectrum-generating superalgebra osp(2|2) is redundant to produce the spectrum of the theory since the ray vectors of a Hilbert space are determined by the osp(1|2) spectrumgenerating subalgebra.
Repeating the analysis discussed in Appendix C to the present case, we easily conclude that the lowest weight representation induced by |λ Bos defines a normed Hilbert space given by a pair of L 2 (R) square integrable functions on the real line, provided that the normalization condition −2β > −1 is satisfied. Similarly, |λ F er defines a Hilbert space provided that the condition 2β > −1 is satisfied.
We arrive at the following selection of admissible Hilbert spaces for the model:
i) in the range β ≤ − iiib) the Hilbert space can be selected to be the direct sum of the two lowest weight representations. The energy difference ∆(β) = E Bos (β) − E F er (β) of the two ground states is ∆(β) = −2β. Therefore, |λ Bos > is the vacuum state for 0 < β < 1 2 , while |λ F er is the vacuum state for − 1 2 < β < 0. A degenerate ground state is recovered for the β = 0 undeformed oscillator.
We conclude this Section by pointing out that, without loss of generality, one can restrict the real parameter β to belong to a half line (either β ≥ 0 or β ≤ 0). The reason for that is the existence of a similarity transformation, induced by the Pauli matrix σ 1 , which allows to exchange bosonic and fermionic states. Under this similarity transformation any operator g entering (34) is mapped into
Let us stress the β-dependence of H entering (34) by denoting it as "H(β)". We obtain, in particular, that the following relation is satisfied
In the range 0 < β < 1 2 the vacuum state is |λ Bos . In terms of the iiib) option for the Hilbert space, the spectrum is given by
where n ∈ N 0 and = ±1. The vacuum energy corresponds to = 1, n = 0. Each energy level E ,n is not degenerate. The parity P ,n (even or odd) of the corresponding eigenfunctions, given by the ±1 eigenvalues of the fermion parity operator σ 3 , is given by
We compute now the orthonormality conditions for the corresponding eigenfunctions in the range 0 < β < 1 2 (the orthonormality conditions for the Klein-deformed operators were presented in [6] and references therein). Let us denote as |0 the bosonic ( = 1) and the fermionic ( = −1) normalized lowest weight states, so that 0|0 = 1. We determine N ±1 so that
They are determined by the conditions, see [24] ,
We express the line integral in terms of the Gamma function. At first we separate the line integral into two integrals:
. By changing the integration variable (x → −x) in the first integral on the right hand side we are able to write .
The unnormalized excited states |n are introduced through the position
In the above formula, due to the previous remark on the redundancy of the osp(2|2) superalgebra, the creation operator a † can denote either a † 1 or a † 2 . We denote with a its corresponding annihilation operator satisfying (37). By exploiting the Klein-deformed commutator (37) and taking into account that a|0 = 0, we easily obtain the formulas
(we set, for consistency, |0 = |0 ). Let us introduce the normalization coefficients M n, through the position
The equality n + 1|n + 1 = n|aa † |n = n|(aa † − a † a + a † a)|n implies the following recursive relation for M n, :
The first few terms are given by
It is easily shown that the normalization of the undeformed oscillator is recovered in the limit β → 0, since M n, → n!.
The orthornormal eigenstates, denoted as |n , are given by
The normalization condition can be defined in closed form in terms of the Pochhammer symbol, introduced through the position
The repeated use of (49) implies
It therefore follows that
We furthermore have, also from (49),
5 The n = 2 case with Klein deformed oscillators and D(2, 1; α) spectrum-generating superalgebras
The n = 2 case corresponds to the 4 × 4 matrix oscillator. With respect to the n = 1 case, the following features are encountered for the Klein deformation:
i) in the presence of a non-vanishing Klein deformation the osp(4|2) spectrum-generating superalgebra of the undeformed case is deformed into a D(2, 1; α) spectrum-generating superalgebra;
ii) all eigenstates of the model are doubly degenerate;
iii) the D(2, 1; α) superalgebra is redundant to determine the spectrum of the theory since the ray vectors of the Hilbert space are determined by a osp(2|2) subalgebra. It provides, nevertheless, a further information due to the fact that α is related with both the Klein deformation parameter and the vacuum energy of the model.
The operators are explicitely constructed in terms of the γ J (J = 1, 2, . . . , 5) gamma matrices which can be introduced as follows
The three σ i 's are the Pauli matrices introduced in (33) . The block-diagonal matrix γ 5 = γ 1 γ 2 γ 3 γ 4 is the fermion parity operator. The eight Hermitian odd operators are Q I , Q I (I = 1, 2, 3, 4). The even Hermitian operators are H, D, K, closing the sl(2) subalgebra, and S i , W ij = −W ji (i, j = 1, 2, 3), closing the Rsymmetry subalgebra. They are given by
where β is the real deformation parameter. Their non-vanishing (anti)commutators realize, see formula (103), the D(2, 1; α) superalgebra with the identification
By repeating the analysis of the n = 1 case one finds that the ray vectors of the Hilbert space of the model are determined by the osp(2|2) ⊂ D(2, 1; α) subalgebra. Different choices allow to pick up the osp(2|2) spectrum-generating superalgebra. We can, e.g., select the operators to be given by H, D, K, Q 1 , Q 3 , Q 1 , Q 3 , W 13 , where the latter operator is the u(1) R-symmetry of osp(2|2). An alternative choice consists of the set of operators H, D, K, Q 2 , Q 4 , Q 2 , Q 4 , S 2 . The four pairs of creation/annihilation operators are introduced, as usual, through the positions a I = Q I + i Q I , a † I = Q I − i Q I . The Klein-deformed commutators now read
while the β-deformed oscillator H osc (β) is given by
The commutators
are satisfied. Four lowest weight vectors |lwv are determined by the condition a I |lwv = 0 for I = 1, 2, 3, 4.
The creation operators a † I close the "soft" supersymmetry algebra (see [22] )
where
is a ladder operator. The special points α = 0, −1 (β = ± 
The selection of the Hilbert space follows the construction for the n = 1 case. We have that i) in the range β ≤ − 1 2 the admissible Hilbert space corresponds to a direct sum of the two bosonic lowest weight representations. For β < − We now focus on the third case. The four normalized lowest weight vectors |0 ,ρ , , ρ = ±1, are
The states |0 1,ρ (|0 −1,ρ ) are bosonic (fermionic). The normalization factors N ±1 have been introduced in (47). The degeneracy of the bosonic (fermionic) energy eigenstates is removed by the eigenvalues of, let's say, the S 2 operator ([S 2 , γ 5 ] = [S 2 , H osc (β)] = 0). By taking into account the D(2, 1; α) redundancy, the Hilbert space is spanned by the following ray vectors which correspond to energy eigenstates
Their corresponding energy eigenvalues are
The orthonormalized eigenvectors |n, m ,ρ are determined by applying the same techniques as in the n = 1 case. A similarity transformation, analogous to (41), is induced by the operator γ 4 . Let g denote an operator of (58). The similarity transformation is defined by
In particular
Without loss of generality we can restrict β to the non-negative axis β ≥ 0. For the third choice of the Hamiltonian the range 0 < β < 
Even if D(2, 1; α) is redundant as a spectrum-generating superalgebra, it encodes an important dynamical information of the theory. We point out, as a final remark, that since α belongs to a fundamental domain, all inequivalent (for α real) D(2, 1; α) superalgebras are spectrum-generating superalgebras of an associated dynamical system. Stating otherwise, there is no gap in the α-induced spectrum generating superalgebras. 6 The n = 2 case with non-Klein deformed oscillators and osp(2|2) spectrum-generating superalgebra
The next construction presents a non-Klein deformation of the 4 × 4 matrix oscillator. For this deformation the osp(4|2) spectrum generating superalgebra of the undeformed case is broken to a osp(2|2) spectrum-generating superalgebra.
In this construction the block-antidiagonal, Hermitian, constant matrices M I entering the (21) deformed supersymmetry operators are different from the ones expressed by (26) . The M I 's are given by a linear combination M I = ν γ I + ibγ I γ 5 , where γ I denotes, up to a sign, one of the gamma matrices (different from γ I and γ 5 ) entering (57). The requirement that the constraints (22, 23, 24) have to be satisfied implies that at most two deformed supersymmetry operators can be constructed, so that I = 1, 2. The requirement that V I = and, furthermore, V 1 = V 2 , implies that b has to be set to the value b = 1 2 , while ν is an arbitrary real number.
It is easily proven that, without loss of generality (the other solutions being recovered from similarity transformations), an explicit expression of Q 1 , Q 2 is given by
The γ I matrices were introduced in (57). Besides Q 1 , Q 2 , the remaining operators entering the osp(2|2) superalgebra are H, K, D, J, Q 1 , Q 2 . We have, in particular,
and
(e ij denotes the matrix with entry 1 at the i-th row and j-th column and 0 otherwise). The operators D, K, Q 1 , Q 2 are unaffected by the M I 's deformations. Within our conventions we have
The non-vanishing (anti)commutators coincide (for the new identification of the corresponding osp(2|2) operators) with the ones given in (98). Two a I , a † I (I = 1, 2) pairs of deformed Heisenberg oscillators are introduced through
They define the deformed Heisenberg algebras
Since G 2 I is not proportional to I 4 , these Heisenberg deformations are not of Klein type. One should also note that
The deformed oscillator H osc is
It follows, by taking into account the vanishing anticommutators
that a I (a † I ) are annihilation (creation) operators satisfying
The bosonic (fermionic) states are the eigenfunctions of γ 5 with eigenvalue +1 (−1). We are now in the position to introduce the lowest weight representations. A lowest weight vector |lwv satisfies the condition
Two (both bosonic) lowest weight vectors are found. They are given by Ψ 1,2 (x), where
The fermionic states
They are, nevertheless, excited states belonging to the lowest weight representations induced by Ψ 1,2 (x).
As recalled in Appendix C, a wavefunction of the form
x 2 is normalized provided that β > − 1 2 . It follows that a normalized lowest weight vector is encountered, provided that
In this range the Hilbert space is given by a single lowest weight representation. For ν < 0 the normalizable lowest weight state is Ψ 1 (x); for ν > 0 the normalizable lowest weight state is Ψ 2 (x). The vacuum energy E vac , in the admissible ν = 0 range, is
The spectrum of the theory is given by
With the exception of the single vacuum state, all excited states for n ≥ 1 are doubly degenerate. This follows from the N = 2 soft supersymmetry algebra satisfied by the two creation operators a † I , given by
with
Therefore, the spectrum corresponds to the semi-infinite tower of (1, 2, 2, 2, . . .) states.
Let us consider the ν > 0 case. In this case the normalized vacuum state |0 is
The n excited states are spanned by the vectors (a † 1 ) n 1 (a † 2 ) n 2 |0 , where n = n 1 + n 2 . At given n > 0, due to the (88) relation, only two of the associated ray vectors are distinct. They can be chosen to be expressed through
By applying the method discussed in Section 3 we can compute the orthonormal states for ν > 0. We report here just the final results. The orthonormal states are
In the above equations (ν) m denotes the Pochhammer symbol, while x and x are, respectively, the floor and ceiling functions.
Comments on the general n case
In Section 3 we presented the conditions to be satisfied in order to have a spectrum-generating superalgebra for the inverse-square potential deformed matrix oscillators. A scale-invariant supersymmetric quantum mechanics is implied by fulfilling the conditions (22) and (23) . The existence of a spectrum-generating superconformal algebra is further implied by satisfying (24) , plus the requirement for the fermionic generators to belong to a representation multiplet of the R-symmetry generators (25) . We presented the most general solutions (up to similarity transformations) for n = 1 (in Section 4) and n = 2 (in Sections 5 and 6 for deformations of, respectively, Klein type and non-Klein type). It is beyond the scope of the present paper to investigate the most general class of solutions for n ≥ 3. This will be left to future works. It is worth, nevertheless, to introduce the present state of the art and discuss some general features which can be noted. Beyond n = 2, a nontrivial solution was found in [24] for n = 4 (the associated spectrum-generating superalgebra being F (4), with N = 8 supersymmetries, see Appendix A).
So far this is the only known non-trivial solution for n ≥ 3. Its construction was made possible by the large symmetry of the model, reflected by the so-called "octonionic covariance" which, essentially, derives from the construction of its gamma matrices in terms of the octonionic structure constants. The model is unique (up to similarity transformations) and corresponds, even if not explicitly stated in [24] , to a deformation of non-Klein type. The results of [24] rule out n = 4 non-trivial octonionic covariant deformations based on the N = 8 superconformal algebra osp(8|2) and on the N = 7 exceptional superconformal algebra G(3).
The following picture emerges:
i) at n = 1 the deformation is of Klein type and depends on a real continuous parameter β. In the β → 0 limit the undeformed oscillator is recovered. The spectrum-generating superalgebra osp(2|2) is recovered for both undeformed and deformed oscillators;
ii) for n = 2 two new features appear. The deformation of Klein type, which depends on a continuous parameter α, is such that its spectrum-generating superalgebra is deformed, since the osp(4|2) spectrum-generating superalgebra of the undeformed oscillator (recovered in the α → 0 limit) is replaced by D(2, 1; α). The second new feature is the appearance of the non-Klein deformation which depends on a continuous parameter ν = 0. Contrary to the Klein type deformation, the non-Klein deformation is not connected with the undeformed oscillator;
iii) at n = 4 the non-Klein deformation possesses the spectrum-generating superalgebra F (4) and is point-like. It corresponds to an isolated point of the inverse-square potential coupling constants entering the diagonal matrix Hamiltonian. The deformation is obviously not connected with the osp(8|2) undeformed oscillator.
Conclusions
The systematic construction of inverse-square potential deformed matrix oscillators with superconformal spectrum-generating superalgebras for larger (n ≥ 3) matrices is left for future works (the only case which is known, the [24] construction for n = 4 and F (4) superalgebra, is made possible by the simplifications due to its huge symmetry). In a forthcoming work we will present the results for d-dimensional, with d ≥ 2, deformed matrix oscillators. Another promising future line of research consists in addressing the multi-particle case. It requires extending at the quantum level the construction which is done (see, eg., the recent [27] paper) for multi-particle classical superconformal world-line models. We conclude with two more comments. The first one is the recognition that, since in a certain range of the deformation parameter the Hilbert space can be taken as a direct sum of lowest weight representations of its spectrum-generating superalgebra, therefore the superalgebra does not contain all information about the spectrum of the theory (not every higher energy excited state is connected to a given lower energy state via superalgebra ladder operators). This offers the tantalizing possibility that extra algebraic structures, possibly infinite-dimensional, could be responsible for that and used to generate the whole spectrum of the theory.
The final comment concerns the possible interesting applications of these models to higherspin theories (as recognized in [23] ), in a implementation of the AdS/CFT holography. This is based on the property that Klein-deformed oscillators with osp(2|2) spectrum-generating superalgebra provide a realization of the Vasiliev's higher spin superalgebra introduced in [5] . Recently, the relevance of non-Klein deformed oscillators to higher spin theories was pointed out (see e.g. [28] and references therein).
The (anti)commutators (compactly denoted as "[., .}") satisfy the condition
The even sector G even = G −1 ⊕ G 0 ⊕ G 1 is isomorphic to the direct sum of the Lie algebras sl(2) ⊕ R, where the subalgebra R is known as R-symmetry.
The odd sector
is spanned by 2N generators. Accordingly, each finite superconformal Lie algebra G is labeled by its associated positive integer N . The positive sector G >0 is isomorphic to the algebra of the N -extended supersymmetric quantum mechanics [34, 35] defined by the (anti)commutators
The generator H is the positive root of the sl(2) subalgebra. The sl(2) Cartan and negative root generators are denoted as D, K, respectively. The negative sector G <0 satisfies the subalgebra
The sector
) is spanned by the Q I ( Q I ) generators; finally, the G 0 sector is G 0 = DC ⊕ R.
In this paper on spectrum-generating superalgebras of the matrix inverse-square potential models several examples of one-dimensional conformal Lie superalgebras appear. In particular we mentioned superalgebras belonging to the classical series, such as D(N , 1) ∼ osp(2N |2) (defined for any positive N and with so(2N ) as associated R-symmetry) and B(n, 1) ∼ osp(2n+ 1|2) (such that N = 2n + 1 and with so(2n + 1) as R-symmetry), as well as the exceptional superalgebras D(2, 1; α) (superconformal for N = 4 and discussed in Appendix B), G(3) and F (4). The latter two exceptional superalgebras are superconformal for, respectively, N = 7 with g 2 as R-symmetry and N = 8 with so(7) as R-symmetry.
The list of one-dimensional superconformal Lie algebras further includes A(n, 1), D(2, n) (see [32] for their definition). The complete list of one-dimensional superconformal Lie algebras with N ≤ 8 is presented in [33] .
We present here for convenience the non-vanishing (anti)commutators of the osp(2|2) superalgebra generators given by the (34) operators, with I, J = 1, 2. We have
In the above relations 12 = − 21 = 1 is the totally antisymmetric tensor.
Appendix B: basic properties of the D(2, 1; α) superalgebras
The exceptional superalgebras D(2, 1; α) are parametrized, see [32] , by α ∈ C \ {0, −1}, with α entering the structure constants. As recalled in Appendix A, they are N = 4 superconformal Lie algebras. Their even sector G even is the direct sum of three sl(2) subalgebras, so that
The three sl(2) subalgebras can be interchanged. As a result, the S 3 permutation group of three elements acts on α; two generators of S 3 are expressed as the transformations α → 1 α , α → −(1 + α). An S 3 -orbit is given by the following set of elements {α,
The superalgebras specified by α, α belonging to the same S 3 -orbit are isomorphic.
The special values
correspond to the superalgebra D(2, 1) ∼ osp(4|2) which belongs to the classical series of orthosymplectic superalgebras. The structure constants can also be defined at the special values α = 0, −1. For these values, on the other hand, the superalgebra is no longer simple, being given by the direct sum A(1, 1) ⊕ sl(2) (the generators of one of the three sl(2) subalgebras decouple from the remaining generators). The simple superalgebra A(1, 1) is N = 4 superconformal.
The hermiticity property of the Hamiltonians of the matrix inverse-square potential quantum mechanics (both in presence or in absence of the oscillatorial term) requires α to be real. For α ∈ R, the following six fundamental domains under the group of S 3 transformations are encountered [14] :
The operators given in formula (58) produce the D(2, 1; α) superalgebra; their non-vanishing (anti)commutators are given by
An extensive analysis of the admissible choices of their Hilbert spaces for g > 0 was given in [1, 2] . We present here, in a slightly modified form suitable for our purposes, the results of [4, 1, 2] concerning the choice of the Hilbert spaces for the H DF F (105) Hamiltonian. Following [36] , the ground state wave function of H DF F has the form
Ψ β (x) is an eigenfunction (not necessarily the groundstate) of H DF F provided that the relation
holds. Its associated energy eigenvalue E β is
The two solutions of the (107) equation are β ± , given by
The reality of E β requires β to be real; therefore the coupling constant g needs to be
The wave function Ψ β (x) is square integrable in the real line provided that
Taking into account the singularity at the origin for negative β, the above condition is satisfied for
In the range
the wavefunction Ψ β (x) can be defined in the x ≥ 0 non negative half line R + ; it satisfies the Dirichlet boundary condition at the origin (Ψ β (0) = 0). In the range
the wavefunction Ψ β (x) is necessarily defined as L 2 (R) square-integrable function on the real line. The dynamical symmetry of the time-dependent Schrödinger equation with (104) or (105) as Hamiltonian is, see e.g. [23] , sl(2) ⊕ u(1), so that the sl(2) algebra is the spectrum generating algebra. The wavefunctions Ψ β ± (x) are the lowest weight vectors of the sl(2) lowest weight representations associated with H DF F . All excited states obtained by applying the raising ladder operators to Ψ β ± (x) belong, for β ± > 0, to the functions on the half line which satisfy the Dirichlet boundary condition and, for − iii) at g = 0, H DF F is the Hamiltonian of the ordinary one-dimensional oscillator. The two lowest weight representations correspond to wavefunctions which are respectively even (odd) under the x → −x parity transformation. The gaussian Ψ β − (x) is the ground state and the lowest state of the even parity eigenfunctions. The first excited state is given by Ψ β + (x), the lowest weight vector of the odd-parity eigenfunctions;
iv) in the range 0 < g < , β + is positive while β − is negative. Following [1, 2] , two choices of Hilbert space can be made. Either the single lowest weight representation with Ψ β + (x) as lowest weight vector (correponding to functions on the half line with Dirichlet boundary condition at the origin), or the direct sum of the two lowest weight representations corresponding to square integrable functions on the real line. In this latter case Ψ β − (x) is the ground state; v) for g ≥ In all above cases the Hamiltonian H DF F is well defined as a self-adjoint operator acting on the corresponding Hilbert space. Its eigenvalues are discrete and bounded from below.
